The ordinary divisor function τ is the function defined on positive integers as follows: τ (n) is the number of positive integer factors of n. It is well known that n has an integer square root if and only if τ (n) is odd. Indeed, the factors less than √ n correspond to the factors greater than √ n under the transformation i → n/i, so that there is an even number of factors distinct from √ n, and it follows that τ (n) is odd if and only if √ n is an integer. In this note we give a similar characterization for squares modulo an odd prime number, and we use this characterization to give a proof of the law of quadratic reciprocity. There are very many proofs of this law (see Lemmermeyer [1, Appendix B] for a list), and the proof given here is similar to several earlier ones; in particular, the calculations are somewhat like those in the proof of Rousseau [2] . But the proof given here is in a sense more direct than most comparable proofs, because it bypasses Euler's criterion; see the remarks at the end of the note.
The basic result.
Consider the congruence
where p is an odd prime number and where a is an integer not divisible by p. If the congruence has an integer solution x, then we say that a is a quadratic residue modulo p and we write ( a p ) = 1; if the congruence has no integer solutions then we say that a is a quadratic nonresidue modulo p and write (
We can evaluate the Legendre symbol ( a p ) by using the desymmetrized congruence xy ≡ a mod p. To do this, let τ (a, p) be the number of ordered pairs of integers (x, y) such that
we think of τ (−, p) as a modular divisor function. We get the following result. Proposition 1. Let p be an odd prime number and let a be an integer not divisible by p. Then a is a quadratic residue modulo p if and only if τ (a, p) is odd.
Proof. If (x, y) is a pair counting towards τ (a, p), then (y, x) is also a pair counting towards τ (a, p). It follows that there is an even number of pairs (x, y) with x = y counting towards τ (a, p). If a is a quadratic residue modulo p, so that a ≡ x 2 0 mod p for some integer x 0 , then
so there is a unique integer x with 0 < x < 1 2 p such that x 2 ≡ a mod p, and it follows that τ (a, p) is odd. If a is not a quadratic residue modulo p then there are no integers x such that x 2 ≡ a mod p, and it follows that τ (a, p) is even. This completes the proof.
The law of quadratic reciprocity.
The law of quadratic reciprocity relates two Legendre symbols of the form ( q p ) and ( p q ). We will state the law, and then give a proof based on Proposition 1.
Theorem 2. Let p and q be distinct odd prime numbers, and let Proof of Theorem 2. Given an integer n with |n| < 1 2 pq, we define a pair of integers ρ(n), ρ (n) as follows: if n is divisible by p then ρ(n) = 0; if n is not divisible by p then ρ(n) is the unique integer such that 2 pq) we have n 1 ≡ n 2 mod p or n 1 ≡ n 2 mod q, from which it follows that ρ(n 1 ) = ρ(n 2 ) or ρ (n 1 ) = ρ (n 2 ). The pairs ρ(n), ρ (n) therefore take distinct values, so they take each of the pq possible values exactly once. In particular, let S be the set of integers n with |n| < 1 2 pq such that ρ(n)ρ (n) < 0; then S has 2pq members. Clearly n ∈ S if and only if −n ∈ S, so half of the members of S are positive; thus there arepq integers n with 0 < n < 1 2 pq such that ρ(n)ρ (n) < 0. Now let T be the set of integers n with 0 < n < 1 2 pq such that ρ(n) > 0. Let u be the number of integers n in T such that ρ (n) = 0, let v be the number such that ρ (n) > 0, and let w be the number such that ρ (n) < 0, so that T has u + v + w members all together. We will show that the value of u + v + w determines the value of ( q p ). Indeed the members n of T which are less than 1 2 p correspond to the pairs (x, y) which count towards τ (q, p) (take x = n and y = ρ(n)), so T has τ (q, p) members less than Next we show that u is odd. Indeed, u is the number of multiples n of q with 0 < n < 1 2 pq such that ρ(n) > 0. These multiples correspond to the pairs (x, y) which count towards τ (1, p) (take x = n/q and y = ρ(n)), so u = τ (1, p). Since 1 is a quadratic residue modulo p, it follows from Proposition 1 that u is odd. Therefore ( Analogously, let w be the number of integers n with 0 < n < 1 2 pq such that ρ(n) < 0 and ρ (n) > 0; then ( 
Remarks.
This section is intended to explain the relationships between some of the proofs of the law of quadratic reciprocity.
The result of Proposition 1 can be expressed as a formula
giving the value of the Legendre symbol ( a p ). We will now derive some other formulae.
First, let U p be the set of nonzero integers n such that |n| < We could also get this formula directly from (1) by showing that
Finally, we note that the integers π a p (i) for 0 < i < Formulae (1)-(5) all give the same information in different ways, and (3)-(5) are often proved essentially as consequences of (1) . There are many proofs of the law of quadratic reciprocity based on (3), (4), or (5); see [1, Appendix B] . The proof given here, based directly on (1), perhaps provides a short cut; at any rate, I hope that it is illuminating.
